MATH2050B 1920 HW5
TA’s solutionsﬂ to selected problems

Q1. Suppose f = g on Vs(c) N (A \ {c}) for some & > 0, show that lim,_,. f(z) = [ iff
limg . g(x) = 1.

Solution. (=) Suppose that lim,_,. f(z) = . Let € > 0, then there is n > 0 s.t. for all

x € Vyle) \{c}, o)
x)—1t <e€.

Let ¢/ = min(d,n). Then ¢’ > 0, and for all x € Vi (c) \ {c}, f(z) = g(z), so
9(@) — 1 < e
Hence lim, . g(x) = .
(<) Same as above.
Q2. Show, by def, that lim;. f(z) = L iff lim,—.(f(z) —1) = 0.
Solution. (=) Let € > 0. Since lim,_,. f(z) =, so there is § > 0 s.t. for all z € Vs(c) \ {c},
[(f(z) =1) = 0] = |f(z) =] <e
Hence lim,_,.(f(x) — 1) = 0.
(<) If limy.(f(x) — 1) = 0. Let € > 0. Then there is § > 0 s.t. for all z € Vs(c) \ {c},
[f(@) =1l =f(z) =1 -0] <e
Hence lim,_,. f(z) = L.
Q3. Show, by def, that lim,_,. f(x) = [ iff limy,_o f(x + ¢) = [.
Solution. (=) Let € > 0. Then there is § > 0 s.t. for all y € Vs(c) \ {c},
[fy) =1 <e
Therefore, for all z € V5(0) \ {0}, we have x + ¢ € V5(0) \ {0}, so
|lf(x+c)—1] <e
Hence lim, o f(z +¢) = I.
(<) Let € > 0. Then there is 6 > 0 s.t. for all y € V5(0) \ {0},
|fly+c) =l <e
Therefore, for all z € Vs(c) \ {c}, we have = — ¢ € V5(0) \ {c¢} and so
[f(@) =l =f(z —ctec) =l <e
Hence lim,_,. f(z) = [.

Q4. For A =R, show by definition, that lim,_o f(z) = [ iff lim,_,¢ f(100z) = .
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Solution. (=) Let € > 0. Then there is § > 0 s.t. for all y € V5(0) \ {0},
)~ <e

Put ¢’ = 6/100. Then for all z € V§(0) \ {0}, we have 100z € V;(0) \ {0} and so
|£(100x) — | < e.

Hence lim,_,o f(100z) = .

(<) Let € > 0. Then there is 6 > 0 s.t. for all y € V5(0) \ {0},
|£(100y) — 1] < e.

Put ¢’ = 1008. Then for all z € V{(0) \ {0}, we have /100 € V5(0) \ {0} and so

X

£@) 1] = 17(100(;

) =1 <e
Hence lim,_,o f(x) = L.
Q5. Let f: R — R be defined by

f(x):{x,ifxe(@

3,ifz e R\ Q.
Show that lim,_,. f(x) exists in R iff ¢ = 3.
Solution. We prove that lim,_3 f(z) = 3 and lim,_,. f(x) does not exist for ¢ # 3.
Let € > 0. Take § = e. For all z € Vi(3) \ {3},
Case 1. 2 € Q, then f(z) =z and |f(z) —3| =]z —3| <d=¢e.
Case 2. z € R\ Q, then f(z) =3, then |f(z) — 3| =0<e.
Hence lim,_,3 f(z) = 3.

For ¢ # 3, there is € > 0 so that |¢ — 3] > € > 0. Choose a sequence (z,), , € Q, z, — c.
Choose another sequence (y,), yn € R\ Q, y, — ¢. Then f(x,) =z, — ¢, f(yn) =3 — 3. This
shows that f does not have a limit as x — c.

Q6. Suppose lim, ,.(f(x))? =1 > 0. Can we conclude that lim, . f(z) = vI? (Yes if I = 0
but not otherwise, any counter example?)

Solution. For [ = 0. We show that lim, .. f(z) = 0. Let ¢ > 0. Then € > 0. Since
lim,,.(f(x))? = 0, so there is § > 0, s.t. for all z € Vz(c) \ {c},

|f(2)?] < €.

Hence for all z € Vj(c) \ {c},
[f(@)] <e

If I > 0. Take f : R — R be defined by

B Vi ,ifx eQ
f(x)_{—ﬂ Jifz € R\Q



Then f2 =1 on R, so for all ¢ € R, lim,_. f(z)? = I. But lim,_. f(z) does not exist for all
¢ € R. (Reason: take a rational sequence (x,), and an irrational sequence (y,), both converge

to ¢, but f(z,) — Vi, f(yn) — —\/Z)

Q7. Let f: R — R be defined by

z+2, ifzeQ
flx) = .
3x—1, ifzeR\Q
Exactly at what ¢ such that lim,_,. f(x) exists? And what is the limit then?

Solution. lim,_,. f(z) exists iff ¢ = 3/2.

Let fi(z) = v+ 2, fo(x) = 3v — 1 for x € R. Then lim,_,3/5 f1(z) = lim,_,3/ fa(z) = 7/2.
Therefore, for any € > 0, there is 6 > 0 s.t. for all x € V5(3/2) \ {3/2},

A@ -1 <e,  lh@) -1l <e

Then, for all x € V5(3/2) \ {3/2}, we have that f(z) is either fi(x) or fa(z). In any case,
|f(z) —7/2| < e. Hence lim,_,3/, f(x) = 7/2.

For any other ¢, lim,_. fi(x) # limg_. fo(x). So lim,_. f(x) cannot exist. Reason: choose a
rational sequence (x,), , — ¢; choose an irrational sequence (yy), yn — ¢. Then

liTan flzn) = hrILn fi(zn) = glﬁlglcfl(x) # ilincfZ(‘r) = lirrln fa(yn) = hTILn f(yn)

Q8. Find § > 0 s.t. on V5, (1)
‘1‘2 — 1’ < €

where €; = %, €9 = % and e3 = 1—(1)0.

Solution. It only needs to find §3(WHY?). We determine d3 later, and first let us notice if
0<d<landxeVs(l),ie 1—9d<z<1+9,then

(1-0)" <a® < (1+4)%

SO
(1-0)—-1<a®-1<(1+06)>—1,

that is,
—25+ 6% <a?—1<25+ 6%

We want —ﬁ < —25+6% and 26+ 6% < ﬁ. Solving the first inequality gives § > 1+ 13—0 11 or

0 < 1—%\/11 ~ 0.00501.... Solving the second gives —1——V1181 <d < —1+—V1181 ~ 0.00498....
At the same time we need § > 0. Hence any d3 € (0,0.00498...) is a possible choice.

Q9. Show that z € A€ iff
0 =dist(z, A\ {z}) :==inf{la — x| :a € A\ {x}}.
Solution. (=) z € A° means that for any € > 0, (V.(z) N A) \ {z} # @. That is to say, for

any € > 0, there is a € A\ {2} with |x —a| < e. So dist(xz, A\ {z}) < € for all ¢ > 0. Hence
dist(xz, A\ {z}) =0.



(<) If0=inf{la —z| : a € A\ {z}}. Then for any € > 0, € is not a lower bound of the set
{la — x| : a € A\ {x}}, so there must be some a € A\ {z} with |a — x| < e. Hence z € A°.

Q10. Let A =[0,v/2)NQ and let f(z) = dist(z, A\ {x}) for z € R. Express f(z) explicitly
and so determine A°.

Solution. Check
—x, if —co<z<0

flx)=<0, ifo<z<+V2
x—\/i, ifvV2<2<o

Hence A¢ = [0,/2].
Remark. Given any non-empty B C R, 2 — dist(x, B) is always continuous.

Q11. Find 0 > 0 such that 2 is of (strictly) positive distance to the d-neighbourhood Vj(3) of
3. Why § =1 cannot do the job? Show that

o241
lim

= 10.
z—=3 x — 2

Solution. Pick § = 1/2, then dist(2,V5(3)) = 1/2 > 0. § = 1 cannot do the job because
dist(2, Vs(3)) = 0.

For the limit, observe that

’x2+1_10‘_’ 10x+21’ ‘( —7)(z — 3)
T —2 N T — N T —2

Let € > 0. Because x — 3 — 0 as £ — 3, for the positive number eé, there is 9 > 0 s.t. for all
x € Vs(3) \ {3},

23] < ca
T — €E—.
9

Put ¢’ = min(d,1/2). For all x € V(3) \ {3}, we have that

° |x—2|21/2
° |l‘*7|<%

o |z —3| <eb

Hence
:c2+1_ lz — 7| |z — 3| 1

10| = 2
’.%‘—2 0l |z — 2] <

= €.

| ©
(@)
©|

. 2
. limg 3 :’;—j‘; = 10.

Q12. Let lim,,.g(z) = la # 0. Apply the def of limits to a suitable ¢ > 0 for getting
d >0,k > 0 such that |g(z)| > k, Vo € Vs(c) N (A\ {c}). Why e = |l3] > 0 cannot do the job?

Solution. Our choice of € is |l2|/2. By definition there is 0 > 0 s.t. for all x € Vs(c) \ {c},



i.e.

Now we have two cases:

Case 1. [5 > 0. Then

Case 2. 3 < 0. Then

[2]
Hence |g(z)| > 5.

2] |12
_r2h g P21
5 +1ly < g(z) < 5
ol |l _
5 = 5 +1lo < g(x)=
|2
—lg(z)| = g(z) < 5 +1



